Abstract. In this paper we give a new definition of minimally and quasi-minimally supported C 2 quartic bivariate B-splines associated with the four-directional mesh of the plane, introduced in [7, 19] , which is convenient to show that theses B-splines satisfy the refinement equation and we determine the associated matrix mask, we prove that the family of these B-splines is stable and the associated subdivision scheme converges. These results can be extended to various cases in the spline space of class C 3k+2 and degree 4k + 4, but in these cases the supports of the masks are larger.
Introduction
Refinable function vectors and vector subdivision schemes, as two of the most important and extensively studied fundamental objects in the literature of wavelet analysis, are useful in many applications such as signal processing and computer aided geometric design ( [4, 5, 9, 10, 13, 16, 22] ). In [9, 10] the authors give the subdivision scheme associated with the function vectors of two linear and cubic B-splines. In this paper we are interested in the function vector of three C 2 quartic B-splines on the four-directional mesh. We begin with some notations and definitions used throughout this paper. Let τ be the uniform triangulation of the plane, whose set of vertices is Z 2 , and whose edges are parallel to the four directions e 1 = (1, 0), e 2 = (0, 1), e 3 = (1, 1) and e 4 = (1, −1). This type of triangulation is called a four-directional mesh. For any integers r and d, let P d be the space of bivariate polynomials of total degree at most d, and When r = 0 and d = 1, the linear bivariate splines space on the four-directional mesh τ , S 0 1 (τ ), is generated by two minimally supported linear B-splines ϕ 1 and ϕ 2 , whose B-nets and supports are given in Figure 1 . A bivariate compactly supported function vector Ψ = (ψ 1 , · · · , ψ m ) T is said to be refinable if it satisfies the refinement equation
where the sequence P := (P j ) j∈Z 2 is the refinement matrix mask with P j being real (m × m)-matrices. Let (Z 2 ) and ∞ (Z 2 ) be the linear space of all sequences on Z 2 and the subspace of all bounded sequences respectively. We say that Ψ is stable if its integer translates satisfy the stability condition, i.e., if there exist constants 0 < c 1 ≤ c 2 < ∞ such that
where λ ∞ = max i λ i ∞ and f ∞ denote the sup-norms of the vector sequence λ and the bivariate function f respectively.
The subdivision operator associated with P is given by
In this paper we are interested in the quartic bivariate splines space S 2 4 (τ ) on the four-directional mesh τ , which is generated by three independent locally supported B-splines, two are minimally supported ψ 1 and ψ 2 , they are constructed by Sablonnière in [18] , whose B-nets and supports are given in the Figure 2 , and one is quasi-minimally supported ψ 3 constructed by Chui and He in [7] , whose B-net and support are given in Figure  3 . Using only the B-nets of these B-splines, it is difficult to show that neither these B-splines satisfy a refinement equation nor determine their associated matrix masks. So that, in this section 1, we give a new definition of these B-splines which is convenient to prove that the function vector (ψ 1 , ψ 2 , ψ 3 )
T satisfies the refinement equation and we can determine explicitly the associated refinement matrix mask. Moreover, we prove that this function vector is stable and the associated subdivision scheme converges, which is the objective of the section 2.
1. Definition of quartic B-splines ψ 1 , ψ 2 , ψ 3 by convolution
T be the function vector of the above three quartic B-splines in the space S 2 4 (τ ). In this section we give a new definition of these B-splines which is convenient to prove that the function vector Ψ verifies the refinement equation:
and we can determine explicitly the associated refinement matrix mask P := (P j ) j∈Z 2 where P j is a real 3 × 3-matrix, for all j ∈ Z 2 .
Lemma 1.1. The B-splines ϕ 1 * ϕ 1 , ϕ 1 * ϕ 2 and ϕ 2 * ϕ 2 satisfy the following symmetry properties:
and * denote the convolution operator of the scaling functions.
Proof. Using the fact that the linear B-splines ϕ 1 and ϕ 2 satisfy the symmetry properties
we deduce that, for i = 0, 1,
If we put (s, t) = (u, v) G i + η i , then, by using a variable change, we obtain
consequently, we have
. A similar technique can be applied to obtain the equations (6) and (7). 
Proof. Firstly, it is easy to verify that the supports of the B-splines ϕ 1 * ϕ 1 , ϕ 1 * ϕ 2 and ϕ 2 * ϕ 2 are the same of those of ψ 1 , ψ 2 and ψ 3 respectively illustrated in figures 2 and 3. Hence, to prove this theorem, it suffices to compute the B-nets of these B-splines on their supports. From Lemma 1.1, the symmetry properties of the B-splines ϕ 1 * ϕ 1 , ϕ 1 * ϕ 2 and ϕ 2 * ϕ 2 allow us to compute their B-nets only on a part of their supports. For this, since the linear box spline B 1,1,1,0 lies in S 0 1 (τ ) (see [6] ), we can easily verify that
and
However, we can compute easily the B-nets of the B-splines ϕ 1 * B 1,1,1,0 and ϕ 2 * B 1,1,1,0 by using the classical algorithm for generating the B-nets of bivariate B-splines defined on the four-direction mesh developed in [8] . Now, by using the equations (9) and (10) we obtain
where the triangles T i , i = 0, · · · , 7 are illustrated in Figure 4 .
In the first step, we compute the B-net of the B-spline ϕ 1 * ϕ 1 by using the equations (11) and (12), and the symmetry properties of this B-spline (5). In the second step, we use the equations (6), (13), (14) and (15), and the B-net of ϕ 1 * ϕ 1 for computing that of ϕ 1 * ϕ 2 . Finally, by using the the equations (7), (16) and (17), and the B-net of ϕ 1 * ϕ 2 , we compute that of ϕ 2 * ϕ 2 . After the computation, we obtain the equation (8).
Refinement equation and subdivision scheme
In this section, we determine the refinement equation associated with the function vector Ψ of the three quartic B-splines ψ 1 , ψ 2 and ψ 3 by using the new definition described above and the following lemmas (see [9] ). Furthermore, we prove that this refinable function vector Ψ is stable and the associated subdivision scheme converges.
T be two refinable function vectors of compactly supported bivariate functions, satisfying the refinement equations
with corresponding matrix masks A := (A j ) j∈Z 2 and B := (B j ) j∈Z 2 , which are matrix sequences of (n × n)-matrices and (m × m)-matrices respectively. Then the Kronecker convolved function vector
verifies the following refinement equation
where the refinement mask C := (C j ) j∈Z 2 , which is a matrix sequence of (nm × nm)-matrices, is computed as follows:
with ⊗ denotes the Kronecker product of matrices.
Lemma 2.2. The function vector Φ := (ϕ 1 , ϕ 2 ) T of linear bivariate B-splines on a four-direction mesh satisfies the matrix refinement equation
where the refinement matrix mask H := (H j ) j∈Z 2 ,which is a matrix sequence of (2 × 2)-matrices, is given by 
· · ·
0 0 · · · · · · 0 0 0 0 0 · · · . . . . . . . . . . . . . . .                   j 2 = 0 Theorem 2.3. The function vector Ψ := (ψ 1 , ψ 2 , ψ 3 ) T of a C 2 quartic
minimally and quasi-minimally supported bivariate B-spline on a four-direction mesh satisfies the following refinement equation:
where the refinement matrix mask P := (P j ) j∈Z 2 ,which is a matrix sequence of (3 × 3)-matrices, is given by Proof. From lemmas 2.1 and 2.2, it follows that the Kronecker convolved function vector Φ * Φ satisfies the following refinement equation
where the matrix sequence of (4 × 4)-matrices H j j∈Z 2 is given by
On the other hand Hence, by using the equations (24) and (30) we obtain
consequently we have
Then, by using the matrix mask H j described in Lemma 2.2, we determine explicitly the matrix mask P j . Now, we use the refinement equation (23) to define the subdivision scheme associated with the refinable function vector Ψ as follows.
For a given fuction spline
Following [10] , we say that the subdivision scheme converges for λ = (
The symbol S λ · 2 n stands for the scalar-valued sequence S λ
T be a refinable function vector of continuous compactly supported bivariate functions, satisfying the refinement equation
If Θ is stable and the associated matrix mask
then the associated subdivision scheme is convergent for all λ ∈ ∞ (Z 2 m , and the limit function is given by
Lemma 2.5. The C 2 quartic spline function vector Ψ is stable.
Proof. From [16] , Ψ is stable if and only if the sequences
are linearly independent for every ω ∈ R 2 . Suppose that Ψ is not stable, then there exist ω 0 ∈ R 2 , j 0 ∈ Z 2 and r 0 ∈ {1, 2, 3} such that
By using the new definition of Ψ described in Theorem 1.2, we obtain
If we put d
Now we show that at least d
= 0, for this consider the case r 0 = 1, i.e., c 
, for all i ∈ Z 2 there exist µ ∈ Z 2 and ν ∈ {(0, 0), (1, 0), (0, 1), (1, 1)} such that i = 2µ + ν, so that we have Q i = Q ν . Then, it suffices to prove that and we can easily verify that the matrices Q ν , for ν ∈ {(0, 0), (1, 0), (0, 1), (1, 1)}, have v as a left eigenvector associated with the eigenvalue 1, and the conditions (27) are satisfied. Since Ψ is stable, we obtain, from the lemma, 2.4 the enounced result.
We apply the subdivision scheme (26) for the initial sequences λ T , then Ψ k = Ψ * B k,k,k,k . So that, by using Theorem 2.3, Lemma 2.1 and the fact that the box-spline B k,k,k,k is a refinable function, we can prove that the spline function vector Ψ k is a refinable function and we can determine its refinement matrix mask by using the equation (21) . But in this case the support of the mask is larger.
Remark 2.9. If we define
and since Ψ is compactly supported function vector, we deduce from [17] that
Furthermore, since the refinable function vector Ψ is stable, the sequences of subspaces S k k form a multiresolution of L 2 (R 2 ). The construction of the associated compactly supported multiwavelets and prewavelets will be studied in a future work.
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